Integration

Table of standard integrals

Standard Integrals
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Lesson 1 — Standard Integrals
For integration to proceed, functions must be expressed in integrable form.

So always expand brackets or simplify fractions before integrating

Example 1 [x(x?+3)dx= [x3+3x dx =ix4+§x2+c

2 2
Example 2 [E 0 = [Z42dx = [x+2dx = -x2+ Inx+C

X X X X 2
When integrating composite functions h(x) = f(g(x)) where the inner function takes the
formg(x) =ax+b

F(g(x))

The result of integrationis H(x) = )

(integrate the outer function and divide by the derivative of the inner function)

3
1 S 3

Example 3 [V5x—1dx= [(5x—1)2 dx = (5;)(;)2 +C = 135(596— 1z+C

2
Example 4 [ sec?(3x + 1) dx=§tan(3x+1)+C

x x x 2x 1 2x
Example 5 [2e*dx =2 [e*=2e*+C but [e dx =Ze* +C )
2 1 1 1

Example 6 JZzdx =2[-dx=2Inx+C but [——dx =-In(2x+5)+C

3
16 [ 41 x4 a[ 317 4 3 3 4 28
Example 7 f1 (\/;) dx = I?L = §[x4]1 = 5(164 — 14) = 5(8 -1) = 5

For more complex composite functions such as [(x® + 1)3 dx

It is better to expand the expression using the binomial theorem

JG2+1)3 dx =[x +3x%+3x3 + 1 dx =%x10+%x7+§x4+x+6

Remember, you can check your integration by differentiating the answer.

Or use https://www.integral-calculator.com/

The integral-calculator also allows you to evaluate definite integrals. Just use Options to
enter the upper and lower bounds for the integration.

In MIA textbook - Exercise 7.1 Q1 - 3, questions 4 and 5 for extension
In Leckie and Leckie - Exercise 3A and Ex 3C (logs and exponentials)
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https://www.integral-calculator.com/

Lesson 2 — Integration by substitution

This where you perform an apparently difficult piece of integration by making a simple
substitution.  This works well with functions in the form g'(x) X f(g(x)) since

Jflg) xg'(x)dx= Faw)+C = F(gix))+C

This is an easy process as long as you correctly identify the inner function (the subject for
change) which you will both differentiate and substitute into the integral;

To find the integral of

[ x(x? + 5)3dx

1. Identify the inner function u=x%2+5
(subject for change)
2. Differentiate and rearrange if du = 2x dx
necessary
—du = x dx
2
3. Intheintegral, replace g(x) with u fx(xz + 5)3dx
and g'(x) with the LHS of the 1
derivative > (w)3du
3
— | (w)° du
oo
4. integrate with respecttou
E X Zu”‘ +C

5. Substitute for u and simplify

1
g(x2+5)4+C

d
dx

The final answer can always cross checked through differentiation
(G G +5)+C) =5 (2 +5)% x 22 = x(x? + 5)°

The subject for change is almost always specified in exam questions:
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Example 2

fﬁdx, where u=1-2x, du = -2 dx, —%du = 1ldx
1 1 1 1,01 1 1
f1—2xdx_)fﬂx_§du =—Ef;du = —-lhu+C=—-;In(1-2x)+C
Example 3
fesmxcosx dx, u=sinx , du=cosxdx
[esinXcosx dx >  [et du = e“+C =eS™ + ¢
Example 4
[ x*(1 + x°)3dx, u=1+x>, du = 5x* dx, %du = x*dx
1 1 1 1
4 53 3y “du == | 3 = Dyt
jx(1+x)dx—>ju 5du 5fudu z 4u+c

=L (1+2%)"+cC

Example 5

[5xV2x2 + 7 dx, u=2x*+7, du = 4x dx, Zdu = 5x%dx

w

1 3
[5xv2x2+7 dx—>%fu5 du =5><§u5 =%(2x2+7)E+C

Ll

In MIA textbook - Exercise 7.2 All of question 1, one of Q2 to 4
In Leckie and Leckie - Exercise 3G Q1,4,5,6.
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Lesson 3 — Evaluate a definite integral using substitution

b 9(b) b
| Hlew)xg@ar= | e du= [raolgy

g(a)

Evaluate flg(x — 1) (x?% — 2x)3dx

1. Identify the inner function u=x?-2x
2. Differentiate and rearrange if necessary du =2x —2dx
1
Edu =x—1dx
3. Evaluate the new limits g(b) and g(a) x =3, u=3
x =1, u=-1
4. In the original integral, make substitutions 13
' - - (u)3du
for g(x), g’'(x) and the limits a and b 2
5. integrate with respect to u,
3l ]
: i f I 1
6. Substitute for u and evaluate 2181 1] 10
8
V5 AT A2
Example 2 Evaluate fo 6xV4 + x= dx
let u=4+x?
du = 2x dx, If x=+5 u=4+5=9
3du = 6x dx x=0 u=4+0=4

V5 9
j 6x/ 4 + x2 dx—>J3\/ﬂdu=[2u3/2]z=[2><27—2><8]= 38
0 4
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1
Example 3  Use the substitution u = 2 + x to evaluate fo x(2 +x)3 dx

let u=2+x andu—2=x If x=1, u=24+1=3
then du =1 Xdx, x=0 u=24+0=2

3

1 3
j x2+x)3 dx - | (w—2)ud du = f ut + 2ud du
0 2

2

1 1 13 1 1 1 1 97
—ub—=ut| = —><35——><34) ( ><25——><24)]
[5” 2 L [(5 2 5 2 10

x+1
Example 4 Evaluate f mdx

let u=x*>+2x—-6
du = 2x + 2 dx, If x=3, u=94+6—-6=9

2

3 x+1 1(°1 1(°1 1 s 1 (9
> dx »-| —du=—-] —du =—-[lnu]; =—1n<—)
3 X+ 2x—6 2), u 2), u 2 2 2

/4 sinx
Example 5 Use the substitution u = cosx to evaluatef //6 cosZx d

let u=cosx

du = —sinx dx, If x=n/4, u=1/\2

—du = sinx dx x =m/6, u=+3/2
fn/4 sin x fl/\/— -1 _ [1]1/‘/5 3 2
/6 cos?x V3/2 u2 uly3)2 B V3

In MIA textbook - Exercise 7.4, all of question 1, Q2 is extension
In Leckie and Leckie - Exercise 31 page 93 Q1 to 7.

Unit1 Adv Higher — Pupil Notes Sl



Lesson 4 - Integration by substitution with more complex examples

For an integral in the form

Use the substitution

. . — X
[Va — x2 dx x =+asinu, u=sin"1=
Va
-1 X
1 X=atanu, u=tan 1=
i W a
a?+x

[ kxa? + x2 dx

u? =a® +x?,

u=+a?+x2

These trigonometric identities are also supposed to help!

sin®x + cos?x =1

cos2x = cos?x — sinx

Example 1

sin 2x = 2sinx cos x

cos2x = 2cos?x — 1

tan’x + 1 = sec?x

cos2x = 1 — 2sin? x

[ et
16 + x2 %

Form 2, so x =4tanu,

dx = 4sec’u du

J16+(4tanu)2 X 4sec’u du

X 4sec’u du

j16 + 16 tan%u

j 12sec?u p
16(1 + tan? u) u

tan’x + 1 = sec?®x

12 ( sec’u
16 ) sec?u

du

[ 1a
4 u

> +C
ks

X
Xx=4tanu, so u=tan"1-

%tan‘1 (z) +C
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Example 2

Jx\/Z—xz dx

u® =2 -—x?,
2udu = —2xdx, —udu=xdx

f —u\/ﬁ du

f —u? du

1
3
u’+c

u?=2-x?, u=+v2—x2

1 3
—§(Z—x2)2 +c

For some examples, you will need substitution for, trig identities and a second

substitution

Example 3 two substitutions

j’ 1
x2V1 + x2

X =tanu, dx = sec’u

j sec’u du
tan 2xV1 + tan 2x

f sec’u 4
—————————————————————————————— u
tan 2xVsec? u

tan’x + 1 = sec?x

sec’u
— du
tan 2x secz u

secu
> du
tan 2x

1 cos?u
X — du
cosu sin?u

cos u
— du
sin?u

v =sinu, dv =cosudu

u=tan lx

~ sin(tan~1x)

In MIA textbook - Exercise 7.3, one or two questions from page 7 will do
In Leckie and Leckie - Exercise B for trig identities, Exercise 3G Q2 and Ex 3J
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Lesson 5 — Inverse trig functions

By reversing the derivatives for inverse trig functions, we get:

f(x) F(x)
X
_dx sin™?! (—) +C
Va? — x2 a
j‘ dx 1t 1 (x) L
a? + x? a o \g
Example 1
dx __1(x)+C d j‘ dx __1(x)+c
————=sin"" (= , an ——— =sin" " (—
V4 — x2 2 V3 — 2x2 V3
Example 2
J dx —1t _1(x)+c d j dx —1t _1<x>+C
16+x2 4" \gTh 5+x2 5 0\
Take care each time to compare your integral with the standard
Example 3
dx dx 1 dx 1 x
[ o[ L[ b L
8 — 2x? V2 V4 —x2 V2 4—x2 2 2
Calculating the definite integral:
Example 6
* dx 1 1t o1 4 1
~ [ ant (F ] _ 2t —1(_)_—t ~10 = 0.309
f09+x2 [3 an (3)0 30 \3) 73

In the MIA Textbook - Exercise 7.6:

Q1 and Q2 are necessary; Q3 and Q4 calculate definite integrals so are useful; Q5 uses
form 3 and is suitable for extension; Q6 & Q7 use completed square form.

In Leckie and Leckie — Exercise 3E on page 84
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Lesson 6 — Common forms

Some substitutions are so common that if you can identify their form, then you can
just write the integrals. Remember that F(x) is the anti-derivative of f(x)

1
form 1 ff(ax+b) dx=aF(ax+b) +C

form 2 jf’(x)f(x) dxzé(fx)2 +C

f'(x)
f(x)

form 3 dx =In|f(x)| +C

Form 1 examples

1 1
,[Sx—l dx—gln(Bx—l) +C

fsecz(z —x) dx=—tan(2—x)+C

1 3 2 1 3
j\/4x+1 dx=Z(4x+1)7><§= g(4x+1)§+C

Form 2 and Form 3 examples — be careful to identify f(x)

1
[ @2x+1)(x?+x—6) dx =§(x2+x—6)2+(,'

2Inx 1 2
j dx=2]—><lnxdx=—(lnx)2=1n2x+(]
X X 2

sec?x
dx =In|tanx| +C
tan x

3(x + 1)?
(x+1)3

j6x d—3f 2X k= 3n|x2 45| 4 C
x2+5 x= x2+5 x = 3In|x |

dx=In|(x+1)3| +C

In MIA textbook - Exercise 7.5: Form 1 — Question 1, Form 2 — Question 3, Form 3 — Question 5
In Leckie and Leckie - Exercise 3H Q1,2,4 and 7
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Lesson 7 — Partial Fractions
For a partial with:

1. alinear denominator - use common form 1

2 1 1 1
f— dx=Zj— dx =2In|x| +C orf dx==In|3x—-1| +C
X X 3x—1 3
2. arepeated denominator - use

4
dx=4f(x+1)‘2 dx = —— +C

4
f(x+1)2 x+1

3. anirreducible quadratic denominator - use form 3 and/or tan~1 x

J’4x+1d_.]‘ 4x d+f ld
x%+2 x= x24+2 x x% + x

2x
=2j dx + [ dx
X X

1 X
=2In|x? + 2| + —tan™! (—) +C

V2

Also note that an answer in the form  3In|x + 1| — In|x — 2| +C

(x+1)3
x=2

Can be rearranged using the laws of logs to ln( ) +C

Example 1 Integrate
x+ 11

GiDHGB-0 &

Partial Fractions

x+11 A N B x+11 AB—x)+B(x+4)
= e d =
x+4)B—-—x) x+4 3—x (x+4)(3—x) (x+4)(3—x)
x = —4, 7=7A4, A=1 x =3, 14=7B, B =2
x+11 1 2 1 2

G+DG—x) x+4 3-x x+4 x—-3
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Integration

x+ 11 J _j 1 2 J
(x+4)(3—x) X = x+4 x-—3 x
(x+4)

=Inlx+4|—-2Inlx-3|+C or In|—=|+C
(x —3)?

Example 2 Past Paper 2007 Q4

f6 2x%-9x—6

v dx =In (E) Determine values for m and n
x(x—=3)(x+2) n

Given that

Partial Fractions

2x>—9x — 6 A B C
= —+ +
x(x—=3)x+2) x x—-3 x+2

2x%> —9x — 6 = A(x —3)(x + 2) + Bx(x + 2) + Cx(x — 3)

fx=0 —6=-64, A=1, Ifx=3, —-15=15B, B= -1
2

1 1
X x-3 x+2
2x%> —9x — 6 1 1 2

XX —3)(x+2) x x-3 x+2

If x=-2, 20=10C, C= 2

Definite Integral

f 2x*—9x — 6 p —fsld f6 1 +zj6 1
2 X(x—=3)(x+2) * = s X X s X—3 X s X+ 2

= [In(x) = In(x —3) + 2In(x + 2) 1§

dx

=(In6—-In3+2In8) —(In4—1In1 +2In6)

=n(S) =0 ()

m=238, n=9

In MIA textbook - Exercise 7.7 Q1 - 6 is sufficient practice to be able to tackle past papers.
In Leckie and Leckie - Exercise 3F do the whole exercise.
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Lesson 8 - Integration by parts

Integration by parts is used to integrate the product of two functions

Give two functions in the form f(x) X g(x) then the rule for integration is

[r@x g0 ax =0 x [ g ax— [ [[ g ax] x rcrax
Or using the shorthand f- g
ff-g dx=f-fgdx—jUgdx] - fldx
Be careful when choosing f(x) and g(x):

e Always assign f(x) to a function which simplifies as it differentiates
e Never assign g(x) to a function with no anti-derivative such as In x

Example 1

fx-cosx dx=x-jc05xdx—j“cosxdx] -1dx

= xsinx — fsinxdx

=xsinx+cosx+ C

Example 2

1
Jlnx-x2 dx =Inx -fxzdx—fozdx]-; dx

1 1
=§x3 Inx — f§x2 dx

1 1
=—x31 ——x34C
3x nx 9x +

In this case f(x) = Inx as we cannot integrate In x
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Example 3

f(l—Zx)ex dx=(1—2x)fexdx—f[fexdx]—2 dx

=(1-2x)e* — j —2e*dx

=(1—2x)ex+2jexdx

=(1-2x)e*+2e*+C
=3e* —2xe*+C or (3—2x)e*+C etc

Example 4

foseczx dx=2xfsec2xdx—jUseczxdx]z dx

= 2xtanx—f2tanxdx

sin x
=2xtanx — | 2 dx
CcoS X
—sinx
=2xtanx + 2 dx
CoS X

As f_smxdx takes the form fwdx, we can use common form 3
cosx fx)

=2xtanx + 2In|cos x| + C

Example 5
—sinx
fsinxln(cos x) dx =In (cos(x))]sinxdx — J [f sinxdx]
COS X
—sinx
= —cos x In(cos x)) —j —CO0S X ° dx
Cos X

= —cosxIn(cosx)) — J sin x dx

= cosx —cosxIn(cosx)) +C

In MIA textbook - Exercise 7.8 - Q1 to 3 is sufficient, Q 4 is not necessary
In Leckie and Leckie - Exercise 3K on page 98, do the whole exercise!
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Lesson 9 - Integration by parts continued

To find the integral of a function where only the derivative is known — such as
[ In(x) dx. You multiply in an extra function f(x) = 1 and apply integration
by parts

Example 1

1
jlnx dx = Jl-lnx dx=1nxj1dx—JU1dx]><;dx
=xlnx — fldx

=xlnx—x+C

This is a simple example, other examples such as In(2x + 1) get very difficult
very quickly

When integration by parts must be applied more than once:

Example 1

fxzcosx dxzxzfcosxdx—chosxdx] 2x dx

= x?sinx —fosinxdx
Working only oanx sin x dx
ij sinxdx = —2xcosx — J—Zcos x dx

= —2xcosx + 2sinx

So
szcosx dx = x?sinx — (—2x cosx + 2 sin x)

= x?sinx+ 2xcosx —2sinx+ C

Remember to subtract your second application of integration by parts
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Integration by parts where the original integral on the RHS and you appear to
be stuck in a loop:

Example 2

fsinxex dx=sinxjexdx—erxdx] X cos x dx

fsinxex dx = sinx e* — jcosx e* dx
Jsinxex dxzsinxex—<cosx jexdx—fexX—sinxdx)
jsinxex dx=sinxex—(cosxex+jsinxexdx)

jsinxex dx = sinx e* —cosxe* — f sinx e* dx
Rearrange

Jsinxexdx+ jsinxexdx = e*(sinx — cosx)
Zfsinxexdx = e*(sinx — cosx)

ex
fsinxexdx = T(Sinx —cosx) +C

Remember that you can use https://www.integral-calculator.com/ to check
your answers

In MIA textbook - Exercise 7.8 Q5 and Exercise 7.9 Q2 will be sufficient.
In Leckie and Leckie - Exercise 3L on page 101, do the whole exercise!
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