Algebra: Complex Numbers

Complex Numbers

Working with natural numbers we can solve 2x = 8.

Working with integers numbers we can solve 2x = -8.

Working with rational numbers we can solve 2x = 7.

Working with irrational numbers we can solve x> = 7. 7
We still cannot solve x? = -1 so we further extend the number system:

J-1=i

We now have a whole set of imaginary numbers e.g. 2i, 5i, -37 and complex
numbers e.g. 2 + 3/ and 5 — 7i made up from a real and an imaginary part,

We now have a complete number system as and polynomial equation with complex
coefficients has complex roots.

Complex numbers are written in the form a + bi g,beR e.g. z=5-7i.
The real part of z = Re(z) = 5 and the imaginary part of z = Im(z) = -7i.

Learning to solve Quadratic Equations in the set of Complex Nunibers
o Use the quadratic formula to find solutions to all quadratic equations.

Example
2+6z+10=0

Z= -éi‘Jé"'— 4xix10

2x 1t

S -6t 2L
2

ZFz -3+l o F=z-3-¢




Algebra: Complex Numbers

Learning to perform arithmetic operations on complex numbers
o Add, subtract and multiply complex numbers
o Find the complex conjugate
o Use the complex conjugate to divide complex numbers

Let z; =3+4i and z, =5-6i
z,+2z,= 344 + S§-6c = B -2¢

z,—2,= 34+4i ~ ($-4é)= -2 +loc

= -1
&2y = (34—45){5—5& = /5 ~138. +20. -u(ﬁ'f

= 394 2¢

The complex conjugate of z, 7 is a number such that the product zz is a real
number.

2
Recall the difference of two squares (x -3)(x +3)= & -~ 7

2.2
The complex conjugate of (a+ bi) is (@ — bi) because (a+ bi)(a — bi) = At — b

= alypt R
Z"?= S‘f‘ll...
; 244l c+4¢ We can only
; =>T2°

divide by areal
number so start

e K .
z, S-4i 5 féc

. .2 by multiplying top
= IS+ 1% 1200 1T T4 and bottom by z.
25 - 36T
= -7 7‘3}?&.
8/
= -7 S L‘
7 7 5

p207-209Ex 12.1 and Ex 12.2




Algebra: Complex Numbers

Learning to solving Polynomial Equations
o Know that a polynomial of degree 1 will have n complex roots
o Know that roots occur in conjugate pairs
o Use polynomial division to factorise polynomials

Example

Solve x* +x* +3x-5=0

K l 3 -5
' 2. S

1 2 s E m fmm}o@f i§ Zero So 2~ (5 A /aﬁ[

x34— 2t 432 -5 = [I—/)[Z‘sz—lr-r‘s)

Zlp2x #5=0

2z -2 2t _4xs

A

-2 :!:,‘-I&

.——————-ﬂ-

1% 4o
r A

1

=2 o X2-l¥2c & XZ /-2

We can now find all three roots. One real A= ( and two complex Z= ~/ 4+&¢ a.no’ x:2 ~1-2¢
The complex roots are complex conjugates.

The Fundamental Theorem of Algebra (Gauss, 1799)
e Every polynomial equation with complex coefficients has at least one root in
the set of complex numbers.
If a root is non-real then its complex conjugate is also a root.
e A polynomial of degree n will have n complex roots




Algebra: Complex Numbers

Example
Show that z =2 + i is a root of z* —2z° —z? + 2z +10 = 0and find the remaining
roots.

¢t -2 =1 oz 10
240 20485 4#20 IO
T 1 oz 4tz (9] The remacaoler is Zee so
2=z 2+i 15 a reof-

24¢

‘f 2= 24t iS5 a ok fthen Z= 2-( is a reot

fckes: (2-2-0) avd (Z-2+E)

(z-—z-::)(z—zﬂ)z 22z 42.~22+4%-2% ~Zi+2L ~2%

=2'-4z2 45

) 25422 +2
Z 42 4S | Z¥-223_52, 22 +o
zt- 423 4522

223 - g2+ 22 +10
223 - 8z% 4102

22%-3z +10
22% - 82 +10

27'4—22-4-2. o)

Zz-2tJh-ux2_ _ 27T )¢ - _j3¢

2 2-

The Yomouning 1ot o Z:22-L, Zr—l+l gl Z=-l-¢
p224 Ex 12.8Q1,2,4,6




Algebra: Complex Numbers

Learning the Geometrical Interpretation of Complex Numbers
o Find the modulus and the argument of a complex number
o Convert between Cartesian and polar form

The complex number z = x + yi can be represented on the complex plane by the point
(%, y). In this context the x- axis is known as the real-axis and any point on this axis is
a purely real number. The y-axis is the imaginary axis.

The resulting picture is known as an Argand diagram after the Swiss mathematician
Jean Robert Argand.

Polar Coordinates

(x, y) are cartesian coordinates. Alternatively, the point P can reached by rotating
anti-clockwise from the x-axis and moving out along a radius from O giving the polar
coordinates (r, 8). Using polar coordinates for complex numbers allows some very
powerful results.

(x, ¥)

A 4

- fon 3
x
X< recos &

Applying polar coordinates to complex numbers
r is the modulus of z and is denoted by ||.

9 is the argument of z and is denoted by arg z.




Algebra: Complex Numbers

Multiple equivalent values for the argument are possible but the principal argument

isintherange -~z <8<7.
r(cosB-i—isinG)

Example 1

Find the modulus and argument of z = J3 +i and show z on an argand diagram.
Write z in polar form.

2= J@Ees 1 = =2

g = fon . T

=7

6

2z 2 (tos 72 4 L‘JMZ?_)
3 é

Example 2

Write z = 2 (cos — -+ i sin —) in Cartesian form using exact values.

2= 2( -5 )

=z -f1c

p 211 Ex 12.3 Q1-7




Algebra: Complex Numbers

Learning the properties of the modulus and argument of a complex number
o Know how to multiply complex numbers in polar form
o Know how to divide complex numbers in polar form
o Know De Moivre’s Theorem

Plot Z; = -3 —4i on an argand diagram and find |Z, | and two different expressions for
arg 2.

Alm

{Z'J:.’ et =5

&= #wf('éi‘)c: 53°

O\
& s
/ MZ-I: ’m+:3—2-33
\ oge,

N a.faz-' = -127°

Which is the principal argument? Tt pfir\a.'.pd tuﬁw’f e ~127°

Plot Z, = 5 -12i and find |Z,| and arg Z>.

Alm

ENENPEI

6= m(.isi) v 47°

Maz‘l- ﬂa Z‘z:-57o

CS, -t z)




Algebra: Complex Numbers

Fiﬂd IZ]_Zzl and arg (ZIZZ).

22,7 (-3-4) €-128)= -3 #1680 (2,2 1= Jes w8877 4S
4132,2‘,_: 166°

Conjecture a relationship between |Z, |, |Z;] and |Z,Z,| and between arg Zi, arg Z»
and arg(Z173).

(avﬂec‘lwre.' [ZIEZ (=1 2;’ x’ZZ, Svace Sxi7 =45

Waczazz ): mﬁzf_f 4:{752 Stce - 1'2704 -579‘_"!9'%0
whick is -ewi\falaﬁ'f h 164"

Proof
Let Zy = ry(cosA + isinA) and Z, = r,{(cosB + isinB)

ZZ2= 0,0, ((osA + isuA)(tos B+ isin8)

=1 0, (osAcos B+ Lsir BRRSA + Csim Atosh + 2 i Asin B)
=1, b ( tosh casd — Sin A S8 + C(Sin Acosd rIr B cas A)

= 1.1, { cos ( Arg) 7-(, J;ﬂfﬂo‘-ﬁ))

IZ,ZZI: r,Y, MJ (Z,z.z)_-_.q—f-g
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This result extends to division:
gll = 1l ond arg (Ziy)=arg Zy-arg 22
2 1251

And to powers:
[22] = |Z|? and arg(Z?) = 2 arg Z.

p215Ex 12.5
s Add or subtract 27 to ensure that arguments are in the range —m to T

¢ Use higher results to simplify
e Consider what will happen with higher powers of Z

De Moivre’s Theorem
|Z%] = |Z|? and arg(Z?) = 2arg Z

thus if Z = r(cos 0 + isin ) then Z? = 2 (cos 20 + isin 26).

In general Z" = (r(cos 6 + isin 8))" =1 (cos n6 + isin nd)

De Moivre's Theorem (cos  + isinB)" = cos nO + isin nd

Use proof by induction to show that De Moivre’s theorem holds for all positive
integers, n.

Lt n=i (tos@ +Lisin®) = (05® 4 isppm Tnt for Asy
. & L
AsSumne  r /Gf N= ke {Nd’ ‘7‘6.1’5-50&) = fos &8 -}z-fm/é@

o &+/ & R
(omsiolor 11 =441 (COSE £ £ SUn @) =((65B 4 irip) (mmuc‘macg

:[[.'asé@ i sh-ué&)((as @ A+ Zfa'—r@-)

= OSER fos® - L f;—wcﬂ COSLE o p Sup b8 corll
A5 o8 sim@
= (OSKRE (® _ SpnkBOS o
4 C( Stk & (o500 #5697 O ol
= 05 (4B L) £ [ sim (&8 1)
= (oS (441)8 + i sinm (k+1)8 Tr pr n=é+)

The teoren. ;i M&ml@d%m'ﬁfﬁ:é,%ﬂmﬁf
Nn=tetl . Henco %Y Gacluchor, frme Vi < N




Algebra: Complex Numbers

De Moivre’s Theorem in fact holds ¥ n € R but proof for non-integer values is
beyond the scope of the course.

p218Ex 12.6 Q 1,2
Learning to apply De Moivre's Theorem

Example
Express Cos(40) as a polynomial in Cos €

| RS . y
(cosa +isin®) 'z t05*@ + 4 5B Lo O + b o5’ i 50’
. e ¢
+ 4 tos® Psule + LT @

= C'O.r‘f@—- + 4.(Qg3a.ﬁ;"@. ¢ - é (0&‘29—.5‘(/}:?'(9—
— R(0S® suP@ L + S5 B
.. o .
(cose # in®) = tos4® 125040

Eq,uau‘vﬁ reod PN/T
(0s%@ - 4 cocbisen @ +5m '@ = ros 4o
_ ‘ 2
058 fcos® (1- 1os?®) 4 (1—029°2) ~ fog ¢
"
COS'B - feos*® + Lcos®® 4] -2 cost o + cos @ = (OT 4B

Z
p218 Ex 12.6 Q4, 5, 6,7 Cos 4B = B e — Baste +
2005 Q12




Algebra: Complex Numbers

Learning to find the " roots of a complex number

Plot on an argand diagram and write number in polar form

n equivalent expressions for the argument

Apply De Moivre’s Theorem

Roots will be equally spaced around the argand diagram (radius = modulus)

0 0O0

Example
Find the cube roots of -1.

LetZ?=-1s0 Z=(-1)!?

i
37 T

.&
4

i
\
5

|z3|= | argZ3= Z - 7T = 3%

L= [0S7T + ESem 7T LOS(TT)FE Sein €Z) = (OST HLSen 377

. /
é L] -
(/os EZ)t isir Crz )) = (tos 2% +£ e 3753

b
2=(cos T 1256077 )7

= (s & 4 sonZE = "’5:}’?7*&'-"5”-;2" = (OSTE + S 7T
3 3
/Nlm
' &
» > Re.
23 .
Z
2

p222Ex 127
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Learning to identify the locus of a point in the complex plane

o Draw alocus using geometrically
o Identify a locus using an algebraic approach

Example 1

Identify the locus in the complex plane given by

1Z-1]=3 Let 2= 2x+ e

|Z — 1| indicates the distance from the complex number Z to the number 1 and this
has to be always equal to 3, i.e. we have a circle, centred on 1 with radius 3.

IN L)

e

b
[
3
LY

s
/ )
e The locus js A cercle
B S . 2, 1

(l’—.:) Mf’t‘ QMM Cx—f)‘l' ‘d - ?
Example 2
|Z=2]=|Z -
This time the distance from Z to 2 is the same as the distance from Z to . Where are
these points?

lp
7
Ay

/

The re?u,uea/ locis « Hao PUP-iAaL'mIa_( bisech, o Al
e joming (2.0) and (0,1),
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Use higher work to determine the equation of the locus.
-~ 4
Me(L 4

- ! -
m,_ -_?: M_Lr_?_

The gt ,,f e Jocuns g U-{-z(z_,)
291 = 4(x~1)

2‘3 ~foe +3 =0

ﬂ&-( IOM R 5}\(5\;6&‘/— M V\f"h& -QWM 2-3—4-964-3:0

This can also be done by solving the given equation algebraically.

|Zy — Z,| is the distance between two points in the complex plane Z, = (xq,v,)
and Z; = (x3,¥,) so |Z; — Z;| can be found using the distance formula:

V0 —x)2 4 (y, — ¥2)?

1z —2|=1Z -]
VE-22+G-02=/x=-002 + (y -~ 1)

@-2)" + y*= x* 4 o)
xz-" b + 4 -f-U?': xz..;-.nz-z:j-[-—’
~Ga +4 = ~249

2y ~42 +3 =0

P213Ex 12.4 Q1,3 and 4




