Algebra: Vectors

Vectors

o Calculate the scalar and vector products for vectors in three dimensions.
o Knowthataxb= —bXxa

Revising work at higher level

Uq
e Any vector can either be denoted in component form u = (uz) or using
Us
the unit vectors i, j and k where © = uyi + uyj —uzk

Uy

e The magnitude of vectoru = (uz) is denoted by |u] = Ju? + u3 +u3
Uz

e A unit vector has a magnitude of 1. A unit vector in the same direction as
vector a is denoted by U,

e The scalar or dot product and is denoted by @ - b, where
a-b= Ia“bl cosf@ or a- b= a1b1 + azbz + a3b3

The angle @ between two vectors positioned tail to tail can be
determined using
a'b _ ) a1b1 +a2b2 +a3b3

cos 8 = =
lallbl  \faZ + a2 + a%/b% + b% + b3

Fora-a = |al|alcos 0 = |al?
Ifa-b =0, aand b are perpendicular
Example

Given the following points T (—1,2,5), P (0,5,—3) and F (12, 3,2), calculate the size of
angle TPF.

pr=/-1\ PF=[12
- -z
2 : Bl

es (fFF):: 34
V75 /173
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Algebra: Vectors

Learning to find the vector product

When two non-parallel vectors a
and b define a plane and n is the
unit vector perpendicular to this
plane, then vectors a, b and n form
a right-handed system of vectors.

The vector or cross product occurs when a and b multiply and the resulting
product is a vector with the same sense and direction as n and a magnitude
la x b| equal to the area of the parallelogram defined by vectors a and b.

* The vector product is calculated using @ X b = n|a||b| sin 8

¢ The magnitude of the vector product |a x b| = |a||b]|sin @ gives the
area of a parallelogram defined by vectors a and b
* Parallel vectors have a vector product of zero so, if @ # 0,b # 0 and
la x b| = 0, then a and b are parallel
|a X a| = 0 (the area of the parallelogram is zero.)
¢ The unit vectors i, j, and k form a right-handed system of vectors where
o iXj=kK[il[jlsin90 =k, jXxk=ij|lklsin90 =i etc

Example 1

Let R and T be the points (0,3,4) and (0,5,12), find the magnitude and direction of r x ¢,
where r is the position vector of R and t is the position vector of T.

- =/ C
I ?) £ - 5') Cos@- V. & 43 5‘!-: f/é
& 2 e s

(r)(el £3
(ri=s [El=n
Son @ = L&
65

[Cx El= skizxtb _ 0 Direchen: Lr b y-2 plane

7 4
[ Right ~ hond
/ M ppdi cotes

S TV X plisecher,

rxt=8
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Algebra: Vectors

Vector Product in Component form

a, b,
Given two vectors a = (az) and b = (bz), the vector product @ X b can be found using
a3 bg
i j k :
the determinant of the 3 X 3 matrix (a1 as ag), where the resulting vector is
by, by by

xs =il ) ey P v 5)

(azb; ~ asb;)

Or i(aybs — aszb,) — jla,bs — azhy) + k (a,b; — a,by) =| (a1b; — azh,)
(a1b; — azhy)

Check the answer to example 1 above using the component definition of the vector product.

LoJk
o 34 |=1L 34,304\+ﬁ13§§
o s 12 ls:z o Jjz




Algebra: Vectors

3 2
Example 2 If a= ( 7 Jand b = (_—2), findaxband b xa
-1

1
Axb =L ¢ €]= i 7—13—21(3 -1 +1c/37
;3 7 - 'i_g. 2 2 -2
2 -7
_(7-2)C —(342)J + (~6-16)&
:Simsd_zog
. . + & 2 -2
bxa = Jd &y -z 1] -4d]2 | !
- = T F/v-: 3 - 27
2 -2 |
3 7!

The vector product is perpendicular to both @ and b so the scalar product can
be used to check your answer axXb-a=axb-b=20
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Algebra: Vectors

Learning to find the scalar triple product

The scalar triple product is the scalar product of one vector with the vector product of two

other vectors i.e. @ (b X c).
This is denoted by [a, b, c]

a,
This can be calculated from (az) .
as

i k

i a, ad; as
a, a; az| or det|br bz b
b1 bz bg € € C3

Example 1 Find the scalar triple product fora = 2i +3j ~k,b=—i+j, ¢ =2i+2f

2 i j
a-(bxe)=(3)' -1 1
-1 2 2

-
-—

(351wl

2 3 -1
0 Or a-(bxe=|-1 1 0
0 2 2 0
- = =1 )
|7
= -1 (—-2-2-)

—
-—

'-f-

Volume of a parallelepiped. This is a 3D shaped bounded by the vectors a, b and ¢
axh

lick cos ¢

The volume of this parallelepiped is the

The volume of this shapeis V = ah

where a is the area of the base of the
parallelepiped |a x b|

and h is the perpendicular distance between
the planes h = |¢|cos @

V=ah= |laxb||clcosf =c-(axb)

absolute value of the scalar triple product [c, a, b]




Algebra: Vectors

Example 2 Find the volume of a parallelepiped bounded by the vectors

u=i+6k, v=2i+j+2k, w=3i—-2j+k.

Volumne = | th. (¥ x w) |

=l{ O 4
2 |
3 -2 |
pall | r 2y -0 + 612 |
{'11 13 '?—ﬁ
21(14—4)4*6(’4 ;3)
= {5 -42|
=[-37})
= 37 ki pnids.

e The scalar triple product is commutative asa- (b X ¢) =(ax bh) - c

Ifany of @, bor ¢ arezero or if any two of a, b or ¢ are parallel then the scalar
triple product is defined as zero

p288 Ex 15.4 Q1-5



Algebra: Vectors

Learning to find the Equation of a plane in 3 dimensions

o Know the equation of a plane in Cartesian, vector and parametric form.
o Find the angle between two planes

Given any plane 7 where P(x, y, z)is a point on the plane and a is a normal to the plane
passing through point Q

a - normal to the plane

The cartesian equation of a plancis ax + by +cz =d, where d= a-p

Example 1  Find the equation of the plane with normal @ = 3i + 7j — k and (1,3,—-1),a
point lying on the plane.

3
71 = 25

-1 ol |

) -

]

Tt equakon is  3X +T7y —Z =25

Given any 3 points P, @ and R on a plane , use these points to find two vectors and use the
cross product to find the normal to the plane

a - normal to the plane




Algebra: Vectors

Example 2

(a) Find the equation of the plane passing through points A(2,1, —1), B(1,—1,2) and
C(0,—2,0).
(b) Determine if point S(3, ~2,3) lies on this plane.

-2 -2 Y . .
3-/-1\ Ac=[-2 M il = £ JEV: 223 ~'3)+§/-H
(«) 48 -z) (—3) - I Al ) Ll N Ay
3 : -1
S(249)C ~(1+8)d + (3 - 4):

7 z S ARy
S (2 )= 10 The eguothevis - -
72.'—53-'2210

-}

(b) 7(3) psf—a)+3:2/ +10-3 £ 16 Kﬂ%* S oty pat lip o Ao

p291 Ex 15.5 Ql,4,5,6

Angle between two planes

When two planes r; and m, meet,
then their intersection is a straight
line and the angle between the
planes is 8 the dihedral angle

The angle between the normal to these planes is equal to the dihedral angle. The angle
between the planes is calculated using the scalar product

9 a-b
€0S 0 = ——rums
lal|b|
Example 3
Find the angle between the planes x + 2y —3z=7and2x +4y +62+9 =0
AP n, = 2
2 - iy (s -~ - &
-3 b
i J5¢
m o= Nal= st o
LIRS &= lobé
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Algebra: Vectors

Vector equation of a plane

For plane m; where A is a known point, R is
any point on the plane b and ¢ are non-
parallel vectors which lie in the plane.

Since any point in the plane can be reached from A via a multiple of b followed by a multiple
of a, the vector equation of the planes takes the form

a, | bl C1
r=a+th -+ uc, r=(a2)+t(b2)+u(cz)
as bg _C3

This can be rewritten to give the parametric equation of a plane

r=(a; +thy +uc)i+ (ay + th, + ucy)j + (a3 + thy + ucy)k

Example 1

Find the equation of the plane through the points A(1,—1,3) B(4,1,—2) and C(—1,—-1,1) in
vector form.

= —)
A =[ 3 Ac =[-2
2 o
-5 -z
3 Uu/ -2
= ,_Fi + b( z |t 0
3

= G.;.:gf;—?.u)é + C—l-fZ.é')g _4. @?5& "ZM)_I_{

IS




Algebra: Vectors

Example 2 Find the cartesian equation of the plane with the parametric equation

r=(1-3t+3wi+Q2+t+2u)j+(—1+3t+3u)k

v ¢f -3 “wr73
f=2+ '4' 2z
- 3 3

3 gw—f-_é/—?

~ oyt 3} d
"{:lz.?g .!33 3 2

—
s SIS

i

(3-0i = (-7-2)d + (-6 -4

T -3cC #1890 —94

-3 i
]3 !(/2 = lf-a
-9 —!

T equaterr s ~IX FIEg ~TZ = b

o X 1‘-5:)'“32‘: /9'

p296 Ex 15.7



Algebra: Vectors

Learning to find the equations of a line

o Know the equation of a line in three dimensions in vector, parametric and symmetric
form.

o Find the angle between two lines or a line and a plane.

The vector equation of a straight line (in 3 dimensions) is defined by a point on the line and
the components of a vector parallel to the line

A(xlr yllzl)

//{:m+w+&

Xq
Point A has position vector a = (Y1)
Z

a
Vector u is parallel to the line u = (b)
I

x1 a
The vector equation of this lineis p = a +tu, p = (J’:L) +t (b)

21. C
The parametric equation of this line is X=x +1a
y=y; +tb
z=2z4 ttc

. . + . . . X—Xx - Z=—Z
The symmetric or canonical equation of this line is LI Ay
a

Notes.

o Sometimes t is omitted from the symmetric form.

¢ Ifoneofa, borc is zero, then use the vector equation or the parametric equation for
this straight line.

Example 1

A straight line passes through the point (1,3, —5) and is parallel to vector 3i + 5j + 11k.
Find the equation of this straight line and establish if point (4,8,6) lies on this line,

)

for At pant b La o tha Le [¥) _,"J,t(?)

e Bz /4 28 D E-y
=234 SE£ = F=1
£z ~S+HE = €=/

The  Gguasens O vsistent s Hea prert i on tha lna .




Algebra; Vectors

Example 2

A line passes through the points 4(1,1,0) and B(—1,2,2). Find the equation of line AB

o z
-~ -2
or Zzl-t :C—!_,g,-l_z(t>
Y= | +E e 2 p 2 =
Zz= 2€
p298 Ex 15.8 QL,3,5
p298 Ex 15.9 Q2 and 5

Learning to find the intersection of a line and a plane

To find the point of intersection P between a line and a plane, substitute the parametric equation of
the line x = x, + ta, y =y, +th, z =z, + tc into the equation of the plane and solve for t. This
value for £ can be substituted into the equation of the line to find point P .

Example 1

Find the point of intersection between the plane 2x +y — 4z = 4 and the line % = y—;?'

z
1

Xzt y=36+2 Z=€
Zx +Y —Z =&
AR X

£F2 =4
E=2 pﬂI (7‘/812)
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Algebra: Vectors

Example 2 — find any points of intersection
between the plane 2x +y — 4z = 4 and the line
1yt _z_,

1 2 1

Example 3 — find any points of intersection
between the plane x + ¥ +z = 3 and the
line x=t+3, y=1-2t,z=t-1

parametric equation of the line
x=t+1 y=2t+4, z=t
substitution gives
2t4+242t+4—-4t=4 6=4

Substitution gives
t+3-2t+1+t—-1=3,3=3

Since there are no values of t which satisfy this
equation. The line is parallel to the plane.

A

Since all values of t satisfy this equation, this line
is contained within the plane

S

The acute angle between a line and a plane is the

complement to the angle between the normal vector of

the plane n and the direction vector of the line u

Since cos(90° — @) = sinf

fru|

this angle is can also be found using sin @ = Tl

7he
lene is &5°
ﬂ/m Ao’

OR  Spme =

/

vz

Example 4
Determine the angle between the plane x + y = 1 and the line xT_i = %5 = %
1)) e e
\ ) cos = = _ _I Py - 4‘5-
o = =
z VJ7 =z

KA a«ﬁﬁ? befuooy fl
el lene ;& PO-48 -y4po

&= 48 °

ML fene
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Algebra: Vectors

Learning to find the intersection of two lines

Two lines in 3 dimensional space can either be parallel, intersect at a point or be skew (not
parallel, but will never intersect).

A a. B

AB is parallel to EF, AB intersects BC at point B, AB and FG are skew.
To find a point of intersection:

1. Express the equations of both lines in parametric form using the parameters ¢,and ¢,

2. Equate corresponding expressions for x, y and z producing three equations with two
unknowns '

3. Use two of the equations to find values for t;and ¢,

4. Substitute these values into the third equation. If these values satisfy the equation this
is the point of intersection. If they do not satisfy the equation then the lines do not

intersect

Example
Show that the lines x — 5= —(y+2) =z and x_slz = y_—+23 = ? intersect and find the
point of intersection.
L, Xz EHS L, =5t #12

Y= -f:‘,-z U:-—th -3

zZ= €, F= &b, +5

- 12 . .
L +5= St 0, V'e‘”‘/% w B oorlenalt
-k, -2= 26, -3 @ _
Z=€, = -3

O +@
3= 3¢ ~5 Z= ‘l—tz +8 = fx-2 +5 =-3
- 3
l';/uaj‘m 3 1S (omgir et 5o

£, =—2 .
@ feppr emlersec.

&‘/fj':—-lo +1Z
£ = -3 LE (2,1, -3 )

I



Algebra: Vectors

Find also the angle made by these intersecting lines.

ao(z) ()
f 4

fog o= L
V3 JHC
p- 12-8°
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Algebra: Vectors

Learning to find the intersection of two planes

Two planes are either parallel or intersect in a single straight line L. To establish the equation
of this line L we need a direction vector « and a point P on the line.

Since the direction vector u lies within both planes it is perpendicular to both normal. Thus, it
can be found using the cross product of the normal vectors for both planes u = nq X n,

Line I. will etther cross the (x,y) plane (where z = 0) or be parallel to it so we can identify a
point P by setting z = 0 in the equations of both planes and solving simultaneously to find

P = (xlv y1,0)

The equation of line L can then be represented in vector, parametric or symmetric form

Example

Find the equation of the line which represents the intersection of the planes
M. 2x—y+z=5andma;:x+y—-z=1

{
f‘l:}t) ’ﬂZ: '}
' -

3J + 3¢
Pond om fH2 lene: (of 2 =0 22 ~y=5s
.2-{-!0:.! )
A -1 O
3134 C) 7
A =2
y=-1
p303 Ex 15.12 Q1and 3 . \
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AR
O 3



Algebra: Vectors

Learning to find the intersection of 3 planes

To find the intersection of three planes we solve the equations of the planes simultaneously
i.e. solve a system of three equations in three unknown. Use the planar equations to form an
augmented matrix and proceed with Gaussian Elimination to solve for x,y and z

There are six different cases for the intersection three planes

‘When the intersection is a single point

— Unique solution shows that all three planes intersect at
point P(a, b, c}

‘When the infersection is a line

Third equation id redundant (indicated by a row of zeros). If this s,
the case let z = t and use the first two rows to find parametric
equation for the line of intersection.

‘When the intersection is three or two lines

The third equation shows inconsistency and the system has no solutions.
If this happens, let z = ¢ and examine the planes in pairs (1&2, 1&3, 2&3) to find either
three lines of intersections or two lines of intersection (where two planes are paraliel).

When the intersection is a plane

Where the second and third rows in the matrix are all zeros. This leaves the top row of the
matrix to give the equation of the plane of intersection




Algebra: Vectors
When there is no intersection

If there is more than one inconsistent set of
equations then there is no solution. This usually

occurs when you have a set of 3 parallel planes

p307 Ex 15.13 Qland2



